CHAPTER

INTEGRALS

______________________________________________________________________

Integration as inverse process of differentiation. Integration of a variety of
functions by substitution; by partial fractions and by parts. Evaluation of
simple integrals of the following types and problems based on them.

px+4q d i
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[ L

mdx, J-\/azixzdx,f\/xz—azdx, J.\/uxz+bx+cdx

+ Fundamental Theorem of Calculus (without proof). Basic properties of definite integrals and evaluation oﬁ
: ! definite integrals.
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'In this chapter you will study List of Topics

o Various methods of integration and how to apply them to definite and indefinite | i Topic-1: Indefinite
integrals. b Integral  Page No. 146

o The evaluation of integrals of rational function by partial fraction. i .

e How integral calculus is based on the idea of differential calculus learnt earlier. b

Topic-2: Definite
Integral  Page No. 165

_________________________

___________________________________________________________________________

Indefinite Integral
TOpiC-]. Concepts Covered e Meaning of Integral of function e Integration by Substitution

e Integration by partial fraction e Integration by parts @ Formulae for indefinite Integral

___________________________________________________________________________

E Revision Notes

> Meaning of Integral of Function > Methods of Integration
If differentiation of a function F(x) is f(x) ie., if (a) Integration by Substitution Method :
d . .
7 [F(x)] = f(x), then we say that one integral or In this method, we change the integral '[ f(x)dx,

where independent variable is x, to another integral
) in which independent variable is ¢ (say) different
symbols, we write, _[f (¥)dx = F(x) + C. from x such that x and f are related by x = g(¢).

Therefore, we can say that integration is the inverse Let u= I f(x)dx then, du = f(x)
process of differentiation. dx

primitive or anti-derivative of f(x) is F(x) and in

Again as x = g(t) so we have % =g'(t)
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du du dx
N — = = ¢ (t
oW T fx)g'(#)
On integrating both sides w.r.t. t, we get
du .
| (E)dt = [f(x)g ')t
or u= [ flg®)g )t

ie., Jf(x)dx = _[f[g(t)]g'(t)dt , where x = g(t).
So, it is clear that substituting x =
g in If(x) will give us the same

result as obtained by putting g(t)
in place of x and g(t)dt in place of
dx.

(b) Integration by Partial Fractions:

Consider % defines arational polynomial function.

S If the degree of numerator i.e., f(x) is greater
than or equal to the degree of denominator
i.e., g(x) then, this type of rational function is
called an improper rational function. And
if degree of f(x) is smaller than the degree of
denominator i.e., g(x), then this type of rational
function is called a proper rational function.

<2 In rational polynomial function if the degree
(i.e., highest power of the variable) of numerator
(Nr) is greater than or equal to the degree of
denominator (Dr.), then (without any doubt)
always perform the division i.e., divide the Nr.
by Dr. before doing anything and thereafter

use the following:
Numerator . Remainder
= Quotient +

Denominator Denominator

Table Demonstrating Partial Fractions or Various Forms

Form of the Rational Function Form of the Partial Fraction
_pxrq ,a#b A +—B
(x—a)(x-b) x—a x-b

px+q B
(x—a)? x—a (x—a)
px>+qx+r A, B _C
(x—a)(x=b)(x—c) x—-a x-b x-c
X’ +qx+r A . B . C
(x—a)*(x—b) x—a (x—a)* x-b
> +gx+
(x —p;)(xzqf bxr+ c) A Bx+C
x—a x*+bx+c
where x> 4+ bx + ¢ can't be factorized further.

(c) Integration by Parts :
If U and V be two functions of x, then

7
(I) (Im)

Formulae for Indefinite Integrals

x
a "dx =
(@) J.x * n+1

n+l

+C,nz-1

1
Xd - X+(
(C) JIZ X—l ull

(e) ISin(ﬂx)dx = —lcos(ux) +C
a

u,Vdx = udex— j {iﬂdex}dx

____________________________________________________________________________________________

(b) J%dx:log|x|+C

(d) [e"dx= Lesc
a

(8 jtanxdx=10g|secx|+C or-log|cosx| + C (h) Jcotxdx=10g|sinx|+C or —log |cosecx| + C

(1) jsecxdx:log|secx+tanx|+C or log

n X
tan| —+—
(4 2)

G) Icosecxdx =log|cosecx —cotx|+C or log tan%

+C

+C

(f) _[cos(ux)dx = 1sim(ax) +C i
a :

______________________________________________________________________________________________



______________________________________________________________________________________________

k) J.sec2 xdx =tanx +C

(m) Jsec x.tanxdx =secx +C

dx=sec'x+C

1
©) J‘xxlxz -1

a+x

1
(@ J.az—x —log +C

dx= 10g‘x+ x*—a

1
O I

(u) Iﬁdx:sin’l (g)w

:110g|ux+b|+C
a

(w) J’Mx - \x+C, where "\ is a constant.

2
x) J\/xz —a*dx = %x/xz -a —%log‘x+

2
(y) J\/xz +atdx = %x/xz +a* +%log‘x+

2 23X [ 2 a . X
(2) I\/a —x dx—E\/a —-x +Esm (g)

) 'fcosecz xdx =—cotx +C

(n) 'fcosecx.cot xdx = —cosecx +C

1 ~dx = ltan’1 (E)+C
x a a

) fa2+

g

—log

xX+a

X+ x+11 +C

® J.\/—dx = log‘

2+ C

2l+C

______________________________________________________________________________________________

n Multiple Choice Questions

Cos 2x — cos 20

Q.1.j

dx is equal to

cosx —cosO
(A) 2(sin x + xcos 0) + C
(B) 2(sin x — xcos 6) + C
(C) 2(sin x + 2xcos 6) + C
(D) 2(sin x — 2xcos 0) + C

Ans. Option (A) is correct.
Explanation: Let,

= J'COSZX —Cos26 dx

cosx —cosO

:I(Zcos x—1—2cosze+l)dx
cosx —cosO
_ 2_[ (cosx + cosB)(cosx — cosB)
(cosx —cosB)

= 2_[ (cosx + cosB)dx

=2sinx +2xcos0+C

QZJ

— isequalto
e’ +e

(A) tan! (¢¥) + C
(B) tan (™) + C

dx

(C) log (e"-e™ + C

D)log(*+e™+C
Ans. Option (A) is correct.

Explanation:

Let sz xdx_x dx
e’ +e

ex
B f e +1
Also, let ef=t

= e*dx = dt

- _f1+t2
=tan't+C
= tan"'(e*)+C

2
I cossx dx is equal to

Q.3.

(sin x + cos x)*

-1
(A) —+C
sin x + cos x
(B) log |sinx + cosx| + C
(C) log |sinx—cos x| + C
1

(sinx + cos x)2

(D)



Ans. Option (B) is correct.
Explanation:

cos2x
Let I=|———Fdx
(cosx +sinx)
cos® x —sin®x
(cosx + sin x)

_ J(cosx + sin x)(cosx —sin x) dx
(cosx + sin x)?

cosx —sinx

_ [cosxosinx

COSX +sinx
Let cosx + sinx =t

= (cosx—sinx)dx = dt

= I = ﬂ
t
= loglt|+C
= log\cosx +sin x\ +C
dx
i 1t
Q4. Jsin(x —a) sin (x —b) 18 equatio
(A) sin(b—a)log w +C
sin(x —a)
(B) cosec(b—a)log m
sin(x —b)
(C) cosec (b—a)log M +C
sin(x —a)
. sin(x —a)
b-a)log|——=+C
(D) sin(b—a)log sin(x—b) +

Ans. Option (C) is correct.
Explanation: Let,
- J» ‘ dx.
sin(x —a)sin(x —b)

_ 1 J» sin(b —a)
sin(b —a)? sin(x —a)sin(x — b)
_ 1 J- sin(x—a—x+Db)
sin(b —a)? sin(x —a)sin(x — b)
1 J-sin{(x—a)—(x—b)}

" sin(b—a)? sin(x —a)sin(x —b)

sin(x —a)cos(x —b) —
cos(x —a)sin(x —b) .
sin(x —a)sin(x — b)

1
~ sin(b —a)I

= @J‘[cot(x —b)—cot(x —a)]dx

= ;[log\sin(x —b)| - log|sin(x — )]+ C
sin(b —a)
= cosec(b —a)log w +C
sin(x —a)

Q. 5. I\/1+x2dx is equal to
(A) §V1+x2 +%log (x+\/1+x2)

+C

(B) %(1+ 2y 4C

(@) %x(l +x224C

2

(D) x?\/1+x2 +%x210g(x+\/1+x2)+C

Ans. Option (A) is correct.
Explanation: It is known that,

f\/az +x2%dx = %\/uz +x?

2
+%10g x+Vx?+a*|+C
J\/1+x2dx = XJ1+42
+%log x+V1+x%|+C
Q.6 J’ﬁequals
T (-1 (x-2)
T
@A) log/X =V ¢
x—2
92
(B) 1Ogu+c
x-1
2
© log(x_lj +C
x=2
(D) log|(x~1)(x~2)[+C
Ans. Option (B) is correct.
Explanation:
Let o = A + B
x-DE-2) (-1 (x-2)

x = A(x-2)+B(x-1) ..(i)

Substituting x = 1 and 2 in Eq. (i), we obtain
A=-landB =2
X _ 1 + 2
(x=1)(x-2) (x-1) (x-2)

:>J‘7x dx = I{ -1 + 2 }dx
(x=1)(x-2) (x=1) (x-2)

—log|x — 1|+ 2log|x - 2|
+C

(x-2)°
x—1

= log +C

Q.7. Itan_lx/; dx is equal to
(A) (x+D)tan”Vx —x+C
(B) xtan"'Vx-+/x+C
(©) Vx-xtan'\x+C

(D) Vx —(x+1)tan”' Vx +C
Ans. Option (A) is correct.
Explanation: Let, J.l -tan""Vx dx



Apply integration by parts.

= xtan 1\/—
IZ(1+x)J—
= xtan~ -=
Let \/; =t
2V
dx = 2tdt

= xtan

xtan™! \/z—'[dt +I1 11‘2 dt
+

— xtan_lx/;—\/;+tan'1\/;+c
_ (x+1)tan’1\/;—\/§+c

Q.s. Ixze dx is equal to

1,3 1 .2
—e¢¥ +C S X
(A) 36 (B) 36 +C
1.3
(©) 5e* +C (D) %exz+c
Ans. Option (A) is correct.
Explanation:
2 x3
Let I= fx e’ dx
Also, let o=t
= 3x%dx = dt
= I= 1fe‘dt
3
1
=—(e")+C
3@
= 16)(3 +C
3

Q.9. Je" secx(1+ tanx)dx is equal to

Very S.hort Answer Type

Questions

5¥- 1
Q. 1. Find _"7 dx.

al1] [R| [CBSE OD Set-1, II, ITI 2020]

Sol. I = j(2(5*)—é(2*))dx
- 2 + ! +C 1
5%log5 5(2*)log2

[CBSE Marking Scheme 2020]

(1 mark each)

(A) e*cosx + C
(C) e*sinx+ C
Ans. Option (B) is correct.

(B) e'secx + C
(D) ¢'tanx + C

Explanation: je* secx(1+ tan x)dx

LetI= je" secx(1+tanx)dx = _[e"(secx + secx tan x)dx

Also, let secx = f(x) = secxtanx = f(x)
It is known that, je" {f()+ f(x)}dx=e" f(x)+C
“I=¢"secx+ C

Q. 10. dex is equal to

sSin” x Cos”™ x

(A) tanx + cotx + C
(C) —tanx + cotx + C

Ans. Option (A) is correct.
Explanation:

sinzx—coszxd B sin’x cos’ x ;
J. -2 2 X—J -2 2 2 2 .

Sm- xCcos™ x SIN”XCOS™ X SIn” XCOS™ X

(B) tan x + cosecx + C
(D) tanx + secx + C

= J(secz x-— coseczx)dx
=tanx+cotx+C

is equal to

Q1. [
'[sm XCOSZX

(A) tanx + cotx + C

(C) tanxcotx + C
Ans. Option (B) is correct.

Explanation:

Let I= _[

(B) tanx—cotx + C
(D) tanx—cot2x + C

sm X COS pe
'[ Sll’l X COS x
J SlI‘l X+ COS X

sin JCCOS2 X

dx

_ '[ Sll’l X dx

COS2 X
x| ;

sm XCOS X sin” xcos” x

= Jsec xdx + Jcosecz xdx

=tanx —cotx+C

Detailed Solution:
2x+1 _ 5x—1 2x+1 _ 5x—1
dx =
10* 2*.5%
x+1 x—1
B _[ 2 3 5‘ .
2* 5% 2%5*
2 1
= | —dx- j dx
5% 527
= ZIS_de —EJ.Z_xdx
5



i,
log2

-5 1
-=X
logs 5
Xl - x2 +C
52%log2 5%log5

= 2X

. dx
Q. 2. Find : j Jr+x [RI [CBSE OD Set-I 2020]

Q. 3. Find Jsm (2) cos( )dx

[CBSE OD Set-II 2020]

1. I = |sin® d
So Jsm (chos( J x
Putting sin (%) = tgives=2[Fdt v
6
= %+C:%sm (%)+C 1A

[CBSE Marking Scheme 2020]
Detailed Solution:

o Bh{g

let sin£ =t
2

cosfxldx =dt
2 2

cos( )dx = 2dt
1= 2[rdt
I= 2Tf6+C
sin(’z
I= 3 2,C

Q. 4. Find fe"(l — cotx + cosec’x)dx
[CBSE SQP 2020-21]

Sol. (1 —cotx) + C 1

[CBSE Marking Scheme 2020]

Detailed Solution:
¢*(1 — cot x + cosec? x)dx

=f(x) =1-cotx
F(x) = cosecx [ Je (fx)+ f)dx = e* f(x) + CJ
=¢(1-cotx)+C

Commonly Made Error

» Some students use the formula for integration
by parts and make it lengthy.

_________________________________________________

5@3 Answering Tip

[CBSE OD Set-TIT 2020]

J;zd“ (LLZJW &
x(1+x7) x 1+x

log|x|—%(l+x2)+C Y%

Sol. I

[CBSE Marking Scheme 2020]

Detailed Solution:

1
J 2, X
x(1+x7)
X
—————dx
fx2(1+x2)
let 1+x%=t
2xdx = dt
xdx = ﬂ
- lj dt
27 (=1t
L _a, B 0
-0 ¢ t-1
1=A(t-1)+ Bt
Put t=0
A=-1
Put t=1
B=1
Put A=-landB=1 (i)
L _ -1 1
(t=1)t tot-1
1] dt = j dt + —dt
20 (-1t

= %[—logt+log|t—1|]+C

= {logg]wLC
2 Putt=x*+1

1 x?+1-1
= ~|log=————|+C
2{ & x2+1 ]

+C

= flog

Concept Applied

{ Integration by Partial fraction




Q. 6. Find j(cosz 2x —sin” 2x)dx
[R] [CBSE SQP-2020-21]

sin4x
+c

ns: Jcos4xdx =

[CBSE SQP Marking Scheme 2020]

Commonly Made Error

» Some students use the formula for cos 2A and
make the answer complicated.

_________________________________________________

5@3 Answering Tip

________________________________________________

343
Q.7.Find : jﬂ dx .

x+sinx
[CBSE SQP-2020-21]
Sol. Letx + sinx =t
So, (1 + cos x)dx= dt
dt .
1= 3] 3t ekl

or directly by writing formula

F@,
] fe)

[CBSE SQP Marking Scheme 2020]

Commonly Made Error

» Some students split the numerator and apply
by parts which is too lengthy.

=log |[f(x)|+¢c 1

{@:‘ Answering Tip

» Put the denominator as f; if numerator is the
derivative of denominator.

________________________________________________

2
Q.8. Find [xe™dx. [/ [CBSE SQP-2020-21]

Sol. Let 1+x3)=t
o) 2x dx = dt
1 1 2
= —fet dt = Zetvc==e"ye 1
2 2

[CBSE SQP Marking Scheme, 2020]

Q.9. Find : dex B&U [0.D. Set I 2017]
SIn X COS x

Q. 10. Find : I;dx
T Y x(1+1logx)

[Delhi Comptt. 2017] [NCERT]
1+logx =t

(l)dx = dt
x
dx = x dt
I = J'ldt ¥
t
= jldt
t
=log |t| + C

=log |1 +logx| +C )
[CBSE Marking Scheme 2017]

Sol. Let

[O.D. Comptt. 2017]

><

Q.11.Find : ISx 1

[CBSE Foreign Set II 2020]

. dx
Q. 12. Find : IW

[ _ ] e
Sol. o—ax® () - (2x)
= %sin_l(z?x)+c 1
[CBSE Marking Scheme 2020]
OR
Topper Answer, 2020
| J d -
o, R

1 am T\;L_

L

________________________________________________

FiR e

Sol.Let, x> +1=¢ = 2xdx = dt
2x 1

— == dx —dt 1

'[\/3 22 +1 I 3/? %

1 3 2
3 = —t3+4c
jt dt 2



3 2
= E(x2+1)3 +c A

[CBSE Marking Scheme 2020]

OR
Topper Answer, 2020
b 2axdx B
J 31+
ey ixk=2
Axdn=de
az _—
23

1 L
2 i _ s

________________________________________________

) Short Answer Type
Questions-I (2 marks each)
——b% SQP 2021-22
Q. 1. Find '[(1+logx) x [SQ 1

1
Sol. J.sz X
(1+1logx)
J- logx+1— 1
1+ log x)?
= dx - | ! —dx %
1+logx (1+1logx)
= xx—J -1 2><1><x¢7lx
1+logx (I+logx)” x
(I1+logx)
X
- 1
1+logx e 2
[CBSE Marking Scheme 2022]
sin2x
Q.2.Find [———=—dx . [SQP 2021]
j V9 —cos® x

sin 2x

SOl. I = —dx
V9 —cos* x
Put cos’x =t

=-2cosxsinx dx = dt

= sin2x dx = —dt 1
The given integral
[ =— J' __ 4t
3% -
= —sin™? i +c
B
cos® x
= —sin! 3 +c 1

[CBSE Marking Scheme 2022]

1

Q.3.Find | ——————dx
I cos® x(1— tanx)?

[CBSE SQP 2020-21]

Concept Applied

Integration by Substitution

S —
Q-4.Find J‘x +3x+2

[CBSE Delhi Set-I 2020]

vy

j;dx
(x+1)(x+2)

-1 2
I —+ dx 1
x+1 x+2
~log|x+1|+2log|x+2|+C 1
[CBSE Marking Scheme 2020]

x
2+3x+2

Detailed Solution:
J~ xdx _ 1
243x+2 2

2x+3 _E dx
2 +3x+2 27 x*+3x+2

1 5 3
=—1 +3x+2|-—
2og|x xX+2| 2-[

:110g|x2+3x+2|—§><
2 2

J. xx floglx +3x+2|—71 g +C

¥ 43x+2 2

+2

Q. 5. Find IW X

[CBSE Delhi Set-II 2020]



Sol.

x+1 1 3
R P
Ix(1—2x) g -[(x+1—2xjdx !

log|x|—%log|l—2x|+c 1

[CBSE Marking Scheme 2020]
Detailed Solution:
I x+1
——dx
x(1-2x)

x+1 1 1
= Iix(l—zx)dx = J(l—Zx)dx-'-J.;dH-[a—

J- x+1 N
x(1-2x)

= J ol dx +J 1 dx
x(1-2x) x(1-2x)

—%10g‘1—2x‘+log‘x‘
1
-2 xalog\l -2x/+C

x+1 3
I —10g\1—2x\+log\x\+C

——dx
x(1-2x)
xsin~*(x? )d

J1-xt

[R][CBSE Delhi Set-II 2020]
xsin”~ (x )d

1jtalt,
V1-x* 2
sin\(x%) =t 1
12
= Z+C 1

Q. 6. Evaluate J.

Sol. J

where

= i(sin_l 2P+C u

[CBSE Marking Scheme 2020]
Detailed Solution:

xsin” (x
Given that Jﬁdx
-x
Put sinl(x?) =y
- X Y
V1-x* 2
= lj dy = Lyypic
B yay Y
xsin’l(xz) 1
[=—=Hdx = ~(sin () +C
V1-x* 4
Q 7. Find J’Xiﬂ x
S 2y +3)
[RI[CBSE Delhi Set-III 2020]
Sol. Ix—Hx=J(— 1,2 )dx 1
(x+2)(x+3) x+2 x+3
= —log|x+2|+2log|x+3|+C
1

[CBSE Marking Scheme 2020]

Detailed Solution:

I x+1 I x+2-1
c+2)x+3) T a2+
J- x+1
(x+2)(x+3)

1 1 1
= j(x+3)dx_J{(x+2)_(x+3)}dx

= log|x+3) —log|x + 2| + log|x + 3| + C

j% = 2log|x +3| ~log [x + 2| + C
Q.8.Find : f x )S)dx
R&U [CBSE OD-1, 2019, SQP 2018-19]
oo JEae o G2y 1
= exl(x_luz +((x:21)3 ]] e

J
( Ie" [f(x)+f'(x)]dx = e"f(x)+c)
1

f) = (x—1)>2

x

_°
BCESA
[CBSE Marking Scheme 2019]

Commonly Made Error

» Some candidates use By parts in jt’x | f(x)+

+C A

f'(x)] in both parts which is wrong.

5@3 Answering Tip

- Je*{f(x)+f‘(x)} is specific situation in

integration by parts. This needs to be
sufficiently practiced by students.

________________________________________________

Q.9.Find : jsin-l(zx)dx. [’ [Delhi Set-1-2019]

sin® x + cos® x

Q.10.Find : ==

SIII2 X COS2 X
[RI [CBSE OD Set 1-2019] [NCERT]

3
sin” x + cos” x
Sol. J—dx:j(secx.tanx + cosecx.cot x)dx

S~ xCos™ x

= secx—cosecx + ¢ 1
[CBSE Marking Scheme, 2019]



Detailed Solution :

.3 3
SIn” X +CO0S™ x
Letl = f —

sin? x cos? x

J’ sin®x + cos®x M
= “|sin®xcos’x sin?x cos’x

_[ (tanx.secx +cot x.cosecx)dx

_[ tanx.secx dx + f cotx.cosecxdx

= secx —cosec x + ¢

Q. 11. Find : j V3-2x—x%dx [RI[CBSE OD Set-I, 2019]

Sol.  [V3-2x — x* dx = [{2* —(x+1)*dx 1
:XTHV?’—Zx—xZ +Zsin'1(x7+1)+c 1

[CBSE Marking Scheme, 2019]
Detailed Solution :

Letl = IVB—Zx—dex

= [p-(rex)ix
= [ - (x* +20r1-1)ix
= [\ (P r2rst)+iax

Q.12.Find : Isinxlogcosx dx
[R| [CBSE Delhi Set-III 2019]

Sol. = Isin x. log(cosx)dx

cosx=t=1= —Jlogt.ldt

— 1 b2
_—[t.logt—j?tdt} /2
=t(1-logt)+c = cosx(1—log(cosx))+c
b
[CBSE Marking Scheme, 2019]
Detailed Solution :

Let, I = Jsinx.log cosx dx

Put cosx =t
= —sinx dx = dt

I= —J.logtdt
= —[1logt at

—[(tlogt)—{J t 1dt}:|

{t1ogt- [ 1at]

=—tlogt+t+c
=t(1-logt) + ¢
On substituting value of t, we get
I = cosx [1 —1log (cosx)]+ ¢

2 2
Q. 13. Find : dex.

1-tan®x
[CBSE Delhi Set-III 2019]

J- tan? x.sec® x

2 Sol. I=|—————dx
= %(x+1)\/22 —(x+l)2 +%Sin_1 (x;1)+c 1—(tar13x)2
1, dt
2 3. _1
[as I a?—xtdx = %x\/az—xz +uzsin1x+c] Puttan JC_t=>1_3jl—ifz L
a
3
_1 2 . (x+1) :110 ﬂ+c=llo 1+tan *, .
= E(x+1) l4—(x +1+2x)+251n 5 +c 6 gl_t o —l—tan3x
Yo+ Y5
1 .
= Loz szt B LSS )
OR
Topper Answer, 2019
”I=rmz'u set*x  Ax e S




________________________________________________________________________________________________

| —
1o = [n»tw’ul-t,.( L i
£ | 1- tandy
— — — SR S
.2
Q.16.Evaluate : [€082x+2sin"x ,
Commonly Made Error ] oty
i - Some;tu:lznts put tan x = t and make it more i [R [CBSE OD-2018] [NCERT]
; complicated. |
Y Sol. 1= J1—2sin2x+251n2xdx ”
(Y- q q T 2
:@: Answering Tips cos™ x
. 2 b
1 1 = d
1 » Practice more problems to identify the right -[ sec i
LooSwbstitution. Ll = tanx + C 1
Q.14.Find : J.\ll —sin2x dx, % <x< g [CBSE Marking Scheme 2018]
[CBSE Delhi Set-I 2019] OR
2
Q.15.Find : | Jﬂ Topper Answer, 2018
tan® x +4

[R] [CBSE Delhi Set-I 2019] [NCERT]

Sol. Puttanx—t:>sec2xdx—dt P i | &_ ~ 356 Aehlx de ___ i
J- sec® x J~ i | 'L i
- N | — i
x/tan2x+4 \/t2+4 i i 4j e i
A I B S ooy Se—— |
= log|tan x ++tan’x + 4|+ ¢ 1 i S i
8l | s 09 domxa L e |
[CBSE Marking Scheme, 2019] | = :
Detailed Solution : e e
2
sec’ x d
LetT = | ﬁdﬂf Q.16.Find : [ \/M @ R&U [0.D. Comptt. 2017]
an” x
Put tan x= t = sec®x dx = dt
f dt @ Short Answer Type
L=t Questions-I11 (3 marks each)
= log ‘t+\/22+t2 +c x+1
Q.1.Find : _[—
x“+1)x
= log |tanx+V4+tan”x|+c [CBSE SQP 2021-2022]




Sol. Let
x+1
(x* + 1)x

Ax+B C
x2 +1 X

_ (Ax+B)x+C(x* +1)
(x* +1)x
A
=  x+1=(Ax+B)x+C(x* +1)(An identity)

Equating the coefficients, we get
B=1,C=1,A+C=0

Hence, A=-1,B=1,C=1 1
The given integral
1 —

J 32c+ = x+1dx+J.1dx
(x"+1)x x“+1 X

—1¢2x-2 1

=— dx+ | —dx V%3
279 %241 ‘[
—1 2x

ol

= _?log(xz +1)+tantx

dx+j1dx
X +l x

+log|x|+c 1}2
[CBSE Marking Scheme 2022]

x2+1
Q.2.Find fmdx- [CBSE SQP 2020-21]
Sol. Put x* = y to make partial fractions ¥
x*+1 _ y+1
(x*+2)(x2 +3) (y+2)(y+3)
y+1 A B
(y+2)(y+3) y+2 y+3
= y+1 =A@y +3)+ By +2)..1) %

Comparing coefficients of y and constant terms
on both sides of (1) we get

A+B =1
and 3A+2B =1
Solving, we get
A = _1’B =7 1
2
J%dx = I 3 dx+2j 21 dx
(x*+2)(x" +3) x“+2 x“+3
= - tan_l(i) 1
V2 V2
+ tan"l[i)+C
3 3

[CBSE SQP Marking Scheme 2020-21]

Commonly Made Error

Students apply the formula for quadratic
factors in partial fractions.

_________________________________________________

{@:‘ Answering Tip

» Learn and practice more problems on partial
fractions.

________________________________________________

Q 3. Find : J-Sxi-l—sdx

x“+3x—-18
[CBSE Delhi Set 1-2019]

¥+x+1

Q.4.Find : jm b4

al1] [Al [CBSE OD Set-I, 2019] [NCERT]
[Delhi 2016] [OD 2016] [OD 2015]

Sel ¥ +x+1 A  Bx+C
O D +2) T x+2  xP+1
or Azé,Bzz,czl 1
5 5 5
1, dx
J.x+2 SIx +1 SJ.x2+1
1
3 1 2 1.
or [ = —log|x+2|+=log|x*+1|+=tan" x+C 1
5 5 5
[CBSE Marking Scheme 2019] (Modified)
Detailed Solution :
Let I ¥ +x+1 i
(x> +1)(x +2)
J~ ¥ rx+1
(x+2)(x? +1)
. ¥+x+1 A Bx+C
(x+2)(x*+1)  x+2 x*+1

or P+x+1=A*+1)+ (Bx + O)(x + 2)

Put, x=-2
We get
=22+ (-2 +1=A[(-22+1]
or 4-2+1=5A
or A= é
5

Letx = -1, we get
(—1)2+(—1)+1=A(1+1)+(—B+C)(—1+2)

or 1=2A-B+C
or B—C=§—1=1
5 5
1
B-C= =
: )

Put x = 1, we get
or 1+1+1=A0+1)+ B+C1A+2)
or 3=2A+ 3B+ 3C

or 3B+3c=3-0_2
5 5



or B+cC=2 (i)
5
Solving eqn. (i) and eqn. (ii), we get
2 1
B=_—andC= —
5 5
3 2 1
P+x+l 5 +gx+g
(x+2)(x*+1) (x+2) x*+1
_ 3( 1 ) 1(2x+1)
= = +7
5\x+2) 5\x*+1
[= '[ ZZxdx +1 de
x+2 54x*+1 59x*+1

= glog [x+2| +%log(x2 +1)+%tan’1x+c

Commonly Made Error

» In most of the cases, candidates who use
appropriate substitution do not give the final
answer in terms of x but leave in terms of the
new variable.

5@3 Answering Tip

» Practice needs to be done in integration using
partial fraction.

= cosx dx = dt
Also, 1+ (1 +sinx) =t

= 1+sinx =t-1
dt

Now, I= J(t—l)t

= [Lat-[ta

-1 t
=log(t-1)-logt+c
I =log (2 + sinx—1) -log (2 + sinx) + ¢
_[ cosx _ 1 1+sinx +

Hence, (1+sinx)(2+sinx) ~ ~ %8| 2% sinx )"

Commonly Made Error

» Many candidates apply incorrect substitution
and are not able to reduce in partial fraction.

5@3 Answering Tip

» If the denominator has the derivative in
numerator then put as t and reduce into partial |
fraction. :

_______________________________________________

2cosx

. 6. Find : x
Q J. (1-sinx)(1+sin® x)

[CBSE OD-2018]

Sol. Putsinx =t = cos xdx = dt
. cosx 2cosx
Q. 5.Find : - - x - X
I (1+sinx)(2+sinx) Putl J (1-sinx)(1+sin”x)
[CBSE Delhi Set-I11-2019] _ 2 v
(1-t)(1+1%)
Sol. |= cos ¥ dx. Putsinx =t Y2
I(1+sinx)(2+sinx) L ;zi.,_w a
et 2 2 %
A-t)1+t%) 1-t 1+t
_J' dt _ 1 _ 1 it 2 .
A+HQ2+1t) I\ 1+t 2+t By solving we get
A=1B= 1 Cc=1
=lo Ll +c—lo mw% d 1
B2+t 2+ sin x 23 e _'[1+t2 '[1+t2 L 1%
[CBSE Marking Scheme, 2019] (Modified) =—log |[1-t| + 1 log |1+ 2| + tan™'t + C
Detailed Solution : 2
Let I = j cosx ¥ = —log(l—sir1x)+110g(1+sin2 x)+tan"!(sinx) + C 14
(I+sinx)(2+sinx) 2
Let 2+ siny = ¢ [CBSE Marking Scheme 2018] (Modified)
OR
Topper Answer, 2018

________________________________________________________________________________________________
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i

_Nm—md, pantral (‘;.m.trm;

T
(1= &) (1447)

A Ul . T

'u-mnﬁ TR -
1._—,__.ﬂiltu‘._l ;Qﬁ.uc)_uml TR S .
_l= A+ At t BF -t AL~k

_ _AtC=4 —ay e e e e

A=B8 =0 —y) -
. B-(=0 —wip
Do) .

I‘HQL&-C i _ o R

L *-—QVJ _ S

ﬂ" ) B e S
.if’f_"_ o o
Aeify o B=la yC=Yx

Al MR 4+ ek g

j’%_._. dbk o+ Ax | dt] dk

J - [+~

id.- & d.”-H_

jd:-#[ J\t‘u
J‘Ju‘_ +J_Iat-nu~ +fcti-
1= | =

- Jx&il;ctl -+ L.m*tt-r LJ_+0m" ut_-r_l:_

- (-2 18P0 %) Oima) +¢.
J.og.( \%tm}i gn'x) + dan’Oimu) ¢

4 L g Lt £in*nt) = JDS,LL—..tfnx.LT_&mT tefmad te, A

= Jeg (4 cmz) »!.oq, (1-&fx) + tou’ uﬂnxﬂ'w
= mq,| JOam% [+ tamd Ghate .
1= l

. (3sin x — 2)cos x .
.7.Find : dx [R&U [Delhi 2017
Q m IlS—coszx—7sinx [ ' ] Let, 3y—-2 _ A + B
(y-4)y-3) y-4 y-3
J- (3sinx — 2)cosx dx 3y-2 =A@y -3) + Bly-4) 1
13 — cos® x — 7sinx Puty=3 9-2=Ax0+B3-4)
J~ (SSlnx 2)cosx ) -7 =B
sinx — 7sinx +12 & y=4 12-2 =A@-3)+Bx0
A =10
put sin x = y, or cos x dx = dy
=||—-———|4d
Gy -2y 1/2 -5
yr -7y +12
3y - 2)d =10log|ly—4|-71log|ly-3| + C 1
I(y y4)(y y3) =101log|sin x—4|-7log| sinx-3|+ C %

[CBSE Marking Scheme 2017] (Modified)



2x

8.Find: |7+ R&U [Delhi 2017
Q8. Fin I Frgaira s REUDenio]
2x
. |————d
So J (x® +1)(x* +4) *
_ jd—y
(y+Dy* +4)
[put x* = y or 2x dx = dy]
B 1 _ A By+C
Y+ +4) y+1 Yy +4

1=A@W*+4)+By+C)y+1)

Puty=-1 1=A(1+4)+(=B+C)(0)
A:l
5
Puty =0 1=4A+C
1=é+C
5
c=1-2_1
5 5
Puty =1 1=5A+2B+2C
1=1+2B+ 2
5
B= L
5
IR R B
5 5 5
1.1
1 _ 1 +5 5y 14
(y+1)(y* +4)  5y+1) y*+4
dy 1 1 y
5 . = =1 +1|+—tan "<
J(y+1)(3/2+4) 5logly+1l+qgtany

1 2
| +4)+C 1
T og " +4)

x2

2

1 1
Zlog (x? +1 +—ta
5 g ( ) 10

_%10g(x4+4) +C %
[CBSE Marking Scheme 2017] (Modified)

cosO
Q.9. Find : J(4 +5in?0)(5 — 4cos20)
[O.D. Set 1, 2017]

do

Sol. _ _[ cos6

e
(4 +sin? 0)(5 — 4 cos*0)

Q.10.Find :

cosO
= J ) ) ae ¥
(4 +sin“0)(1 + 45sin” 0)
j—dt here sin 6 = t 7
= , where sin 6 =
(4+12)(1+417) ’
1 4
_ 15 dt 7
'[4+t J.1+4 2 &
= - L tan! (ij + 4 tan~! 2t)+c 1
30 2) 30

- % tan™! (5“2‘9) + % tan™! (2sinB) + ¢ 14

[CBSE Marking Scheme 2017] (Modified)

X
I(x +1)(x 1) . All - [NCERT]

[O.D. Set I, II, III Comptt. 2015]
[Delhi Comptt. 2017]

Q.11. Find : j(zx 5)e** [CBSE 2016]
(2x - 3)
Sol. Let 2x =t
_ (t-5) o'd
I= f 2y 1
= ljl[—z—is]etdt
2 =37 (t-3)
[e £+ f(x) = ¢fx) + C
Sy e +C
C2(t-3)°
T e +C
T 2(2x-3) 1

[CBSE Marking Scheme 2016]

Commonly Made Error

Several candidates commit the mistake of
ignoring the constant of integration and use of |
partial fraction. :

{@:‘ Answering Tip

» Reduce the given expression in proper fraction
then apply partial fraction.



Long Answer Type
& Questions-1I

Q.1.Find: Jx sintxdx

[Foreign 2016] [NCERT]

(4 marks each)

Q.2.Find: [SnX=¥cOSX,
x(x +sinx)

[Delhi Set I, II, ITT Comptt. 2016]

Sol. J‘w - J("+Smx)—(X+xcosx)dx1

x(x + sinx) x(x +sinx)

[Delhi Set I, II, IIT Comptt. 2016]

Sol. stin’lxdx = sin” x——

XSII’I X

{dex |

x*sintx 1

2 2

{xx/l—xz

x2sin x . xv1—x?

2

2

[CBSE Marking Scheme 2016] (Modified)

4

har .1 ;_‘_{

).T__

‘[\/1 x?

L dx}
V1-x2

+1 . 1 e -1
Esm x—sin"xp 1

—lsin'lx +C
4

1 1+cosx
= |« =-——=1d
- I{x x+sinx} *
= log |x| —log|x + sinx| + C
X

=10|

C
|x+sinx *

1
.3.Find : || log(l P
. Q in J'{ og(log x) + (log x)z}dx

Topper Answer, 2016

bﬁ(w@*a <) } ” o

4103@.,3 S SL‘%L /T

. Loy - ?C.s Byl Ltms'.g ccm‘ifant}
A — o
= Va7
Lol S e e
A 5 s

] ioax o —

Z - (= L ae] {ppong Tgosen by

T e
2 (e

[CBSE Marking Scheme 2016] (Modified)

[O.D. Set II, 2016] [NCERT]

— S 9% JUegd) - - S
Bk S Ax =T P,
(Jogx)” % = S -
= A Ts ragaccs # X s -
| W el —
Jx
v dx R&U [Delhi 2016] ~ Sol- Let I = j dx
3 3 ag_xs



Jx
= J. dx
(@2 — (22 )
Put ¥ =g
or éxl/zdx :a3/2dt
2
2 3p
or Jx dx = 311 dt
%as/z
1= dt

Q. 5. Evaluate the following indefinite integral :

\/( 23/2 )2 _ (a3/2t)2

[S.Q.P. 2015-16]

J- sin ¢ o
\/sin2¢+2cos¢ +3
Sol. Let
sin ¢
= do
I J’\/sinzq)+2cosq)+3
_ J' sinq)
\/1—cosz¢ +2cos0+3
_ J- sin ¢ do
J-cos> ¢ +2cos0 +4
put cosp =t
—sinp dp = dt
sing dop = —dt
-1
= | —t
f V-t +2t+4

1
P
'f\/(\/g)z—(f—l)2

. 4 t=1
—sin” —+C
V5
—sin"! cos o—1

+C
J5

s

)

b

)

secx

ind: | ——dx S.Q.P. 2017-18
Q.6.Find: |1 _—— [S.Q ]
Sol. j& dx

1+ cosecx

sinx
S L S
cosx(1 +sinx)

_ J sinx cosx
(1+sinx)? (1 - sinx)

t
- J(1+t)2(1—t) at

[sin x = t or cos x dx = dt]

t A B C

Let, ——5—— = —+ +
AT ii-t 1+t A+ 1-t

or t=A+t)(1-t) +B1-t)+C1 + t)?
(an identity)
Put t =-1,-1=-2B,ie,B=-%.Put,t=1,

1 =4C,ie,C= %.Putt=0,

O=A+B+C,whichg1’vesA=% 1

Therefore the required integral
3 1 -1 1 1
= — | —dt+ > J dt + J.

4 14t 1+t 4 (-1
3 -1 -1 1
= Zlog|l+t|+—x———-=log|1—t|+c
g o8Iy g lesl 1l
=§log|1+sinx|—1>< 1,
4 2 1+sinx

1
—Zlog|1—sinx|+c 1

1 ‘1+sinx‘3 1 1
= —lo - —-—. —+cC
4 ‘l—smx‘ 2 1+sinx
Q. 7. Evaluate : J‘M [Foreign 2015]
sin(x + a)
sin(x —a)
—dx=1
Sol. J.sin(x +a)
Let,x +a=tordx =dt
x=(t-a)
sin(f—a—a
Z_[—d(. Jat (wx=t-a) 1
sint
_ J-sin(z'f—Zu)dt _ J’sint.cosZa‘—cosif.sinZudt1/2
sint sint
= J.[COSZLI — cott.sin 2a]dt 1
= cos Zuf dt —sin ZaJ cottdt 1

=t.cos 2a-sin2alog |sint| + C
=(x +a)cos2a—sin2alog |sin(x +a)| +C 1



@ Long Answer Type

Q.1.Find: | —dx R8U[S.0.F: Dec. 2016-17]
sin® x + cos®
[HOTS]
sin x
Sol. Let I= J.ﬁdx
sin” x 4+ cos” x

= —%log [t+1] +%log [t2 —t+1] +itan_1(ﬂ)

Questions-II (5 marks each)

sinx

tan x sec” x
S ”
tan® x+1

On substituting tan x = t and sec’x dx = dt, we get
1

t
[= | =——dt
-[t3+1
S
t+D@"—-t+1)
Y U Y S
37t+1 372 -t+41
(2t-1)+3

= Lioglre1s 2[E=D+3, 1
sloglt+1l I “t+1

2t -1
S e

)

1
= ——log|t+1|+—
Jlogt+ 1]+

1 2
= ——log|t+1|+=log|t" —t+1
Jlog|t+1] 6og| |

EEra

3 V3

= _%log [tanx+1| +%log [tan®x —tanx +1|

+itan’1 (72tanx _1)+ C1
3 3

[CBSE Marking Scheme 2016] (Modified)

2 2
Q.2.Find: fm{log(x +1)-2logx} |

Sol.

x4

a[1] [Al [NCERT] [O.D. Set I, II, III Comptt. 2014]

J\/x + {log(x +1) Zlogx}

_ jF(log(n)) i 1

Let, 1+ = =#
xz

or _—?dx=2tdt

1
or = dx = —tdt 1
= - [t2logh)t dt = -2 [logtt?dt 1
3 3
——Zlogt = lelt—dt 1
= Zlgtf+ 2P+C
308 9 %
3/2
= L 1+i log 1+i _2 +C 1

[CBSE Marking Scheme 2014] (Modified)

1

Q.3.Find: [————dx

COS "X + sIn X

al1] [A|[O.D. Set I, 2014][HOTS]

1
1:.[ 1 g dx
COS X +SsIn "x

Dividing numerator and denominator by cos*x,

4
sec” x
j dx

1+tan?x

1+ tan® x)sec? x
J’ (1+tan” x)sec”x o 1%

1+tan* x

Puttmg, tanx =t
= sec? x dx = di

J-(t +1)dt
t4+1

1+l

dt {dividing by 2y 1

Il
=
—
)

1
= J.i where t—;ZZ 1

1 1 tan®x—1
= —tan | —— [+C 1
\/E ( \/E tanx ]
[CBSE Marking Scheme 2014] (Modified)

Q. 4. Evaluate : [(Veotx +tanx)dx . [ali] [A] [NCERT]

[O.D. Set I, 2014]

= J.( cotx + tanx)dx



,[ cosx + smx 1
\/sin xcosx
Putting sinx — cosx = t, so that (cosx + sinx) dx = dt
and  sinx.cosx = %(1 -1?) 1
I =
2sin M t+C

2sin”'(sinx —cosx)+C 3
[CBSE Marking Scheme 2014] (Modified)
Detailed Solution :

= I( cotx + tanx)dx
= J( cotx + ! )dx [Using tanx = L]
“Jcotx cotx

J-(cotx+ljdx
- Jeotx
I= I tanx (cotx +1)dx Put tan x =
Let tan x = 2
sec®x dx = 2t dt
1+ tan’x = Ztﬂ
dx
14t = 22
dx
2t
dx =5
1 2t
st (L )

|
N
—
—
==
+‘+
~ | =
= N
~—_—
=
~=

1

dy
_2[ W
A

=2 itan‘1 ZN+c
= ()

P
—t ¢

Il

-
)
=]

2
_ J2tan™! u]+ C

V2+tanx
tanx -1
_ V2tan| ———= |+C
- v2tanx
Concept Applied

* Second fundamental theorem
i Properties of definite integral

Commonly Made Error

» Sometimes candidates make errors in
substitution and simplification which leads
errors in further simplification.

JZtan tanx — l]

L

f@:‘ Answering Tip

» Learn to substitute and simplify trigonometric

1+t equations.
2
= 2f £t
'[ 1+t
2
Topjc-2 Definite Integral |
p nce vered e Second fundamental theorem, e Properties of definite integral. i

___________________________________________________________________________

» Meaning of Definite Integral of Function
If Jf(x)dx = F(x) i.e., F(x), be an integral of f(x), then
F(b)—F(a)is called the definite integral of f(x) between

written as
the limits a and b and in symbols it is

ff ()dx = [F(X)]Z Moreover, the definite integral
a



gives a unique and definite value NN -, Ay _ 1 777
(numeric value) of anti-derivative O Key Word
of the function between the
given intervals. It acts as a

substitute for evaluating the area
analytically.

Anti-derivative: In calculus, an i
anti-derivative, inverse derivative, |
primitive  function,  primitive i
integral or indefinite integral of !
a function f is a differentiable !
function F whose derivative is i
equal to the original function f. This |
can be stated symbolically as F' = f. i

___________________________________

_______________________________________________________________________________________

Key Formulae

b b a
(@) [ f(x)dx = F(b)—F(a) () [ flx)dx =] f(x)dx
a a b
b a b c b
(© [ferydx=]fydt (dx=db) @ [ fe)dx=]feodx+ [ fx)dx,a<c<b
a b a a c
a a b b
(@ [ f(x)dx=[f(a—x)dx ® [ fdx=[ fa+b-x)dx
0 0 a a

a

© | fluyix =) A SO0 i3 s an even function e, (- 2) = 2
s 0 0, if f(x) is an odd function i.e, f(—x) = — f(x)

(x)dx = fo(x)dx, iff(2a — x) = f(x)
0

f r 2a
() | f)dx =[{f(x)+ f(-x)}dx M ]
0 0 0 ;iffa—x)=-ftx)

—a

2a 2a
G) [ feodx=[{f(0)+ f(2a-x)}dx
0 0

______________________________________________________________________________________________

___________________________________________________________________________

Mnemonics

SeCond FundAmental Theorem of
Definite Integration

fcc is small fashionable Clothes
Counter For adorable dresses
at/ Fbb Fashion

i Closed an:i\<c’ontinuous derivative i
: F(b) - F(a) :

fcc Fad FbFa

Interpretation :
Let f be a continuous function defined on a
closed interval [g,b] and F be an anti deriva-

Continuous anti derivative

_________________________________________

b
tive of £. Then [ f(x)dx=[F(x)] ! =F(b)~ F(a)
, where a and b are called limit of Integration.

_________________________________________

i Evaluate the following definite integral : Solution: i
' n 2x(1+sinx) Step I: Let |
1 J. T — dx. . 1
! T 1+4cos”x [ = J'n 2x(1 +smx)dx :
1 2 1

T 1+4cos”x

_________________________________________________________________________________________________



_____________________________________________________________________________________________

Let

_____________________________________________________________________________________________

Jn 2xsinx

m1+cos®x

Step II :

(being an odd function)

Step III :

dx

J-n 2xsinx
01+cos’x

(being an even function)

_ ZJ-n szmzx dx
01+cos“x
_ 4J-n xsinx J

01+ cos®x

Step IV :

dx

I T xsinx
=

0 1+cos®x

Apply the property J.f(x) :J fla—x)dx

J(TC x)sin(m — x)
0 1+cos*(m—x)

n Multiple Choice Questions

Q. 1. The value of f

Ans.

(x +xcosx+tan® x + 1) dx is

(A)0

(4

Option (C) is correct.
Explanation: Let,

(B) 2
(D) 1

2
I= j ™/ (x® + xcosx + tan® x + 1) dx
2 2 2
= j n/ xdx +I "2 ycosx +j ™2 tan® xdx +
-n/2 -n/2
J‘ /2
-n/2
It is known that if f(x) is an even function, then

jf f(x)dx = zjg f(x)dx

and if f(x) is an odd function, then
j_ F(x)dx =0
2
3 1=0+0+0+2j”/ 1.d
0

=ofu? =2

1-dx

b
Q.2.If fla + b -x) = f(x), then j xf(x)dx is equal to

:

n(T—x)sinx x)smx
~ 90 14 cos?x
_ J-n nsmyzc _J-n xsmyzc x
0 1+ cos”x 01+ cos“x
n sinx
=q| ———dx-1
'[0 1+ cos®x ’
Step V:
n  sinx
2, = n| ———dx
’ '[0 1+ cos®x
Putting cos x = t or — sin x dx = dt
Whenx=0,t=1&x=mt=-1
-1 dt
2, = —-m
’ '[1 1+
b a
1 - =
~ oftan ] [ [ fCodx =] fx)d
-1 0 0
= LZ
2
2
T
or L= v
Hence I =n? [« 1=
a+b’ a+b
(A) f f(b-x)dx  (B) j F(b+x)dx
- a+b
© =° " feoyta ©) 27 fx)ax
a
Ans. Option (D) is correct.

Explanation:

Let 1= [ xf(xx )
I= [ (@+b-x)f(a+b-x)dx
[ j” F(x)dx = j: fla+tb- x)dx]
= I-= j:(a+b-x)f(x)dx
= I=(@+b)] f)dx-1 [UsingEq. (i)}

= 141 = (a+b)fubf(x)dx
= 2l = (a+b)] fx)dx
- I= (“”’)] F(x)dx

Q.3.If f(x)= J:t sintdt, then f’(x) is

(A) cos x + x sin x (B) xsinx

(C) xcos x (D) sin x + xcos x




Ans. Option (B) is correct. NG ;
Explanation: 6. L 1+x2 equas
x) = [ tsintdt T 2n
fo= ], (4) 3 (B) >3
Integrating by parts, we obtain - -
© = D) 35
. x lz, X 6 12
f(x) = t-[o sin tdt Jo {( dt t)J.sm tdt}dt Ans. Option (D) is correct.
Explanation: Let
t(— cost) (—cost)dt
[ J. J dx 5 = tan~ x = F(x)
= [—tcost+smt]0 T+x
= —XCOSX 4 sin x By second fundamental theorem of calculus, we
= f’(x) = -[{x(-sinx)} + cosx] + cosx obtain
= xsinx —cosx + cosx I\E dx_ _ F(\/g)_F(l)
= xsi 1 1442
= xsinx
/4 =tan"'\3—tan"'1
Q.4. J.—“/471+c052x is equal to _n.m
3 4
A)1 (B) 2 o
©3 (D) 4 12
Ans. Option (A) is correct. J.z/3 dx :
Explanation: Let 7 Jo 4 +9x2 equais
_ J‘T[/4 - -
n/41 + cos2x (A) 5 (B) Ip)
_ J~1[/4
/42 cos? x (@) % (D) g
=3 J,n 145€C 2 xdx Ans. Option (C) is correct.
_ In/4sec2 vy Explanation:
0 J' dx _ J dx
as sec’x is an even function 4+9x* (2)* + (3x)
= [tan x]NM Put 3x=t
=1 = 3dx = dt
n/2 - . . dx _1 dt
5. IO \V1-sin2x dx is equal to J(Z)Z +(3x)2 3'[(2)2 +(t)2
11 gt
(A) 242 (B) 2(\2+1) = E[Etan 15]
(©) 2 (D) 2(v2-1) 1 (3«
Ans. Option (D) is correct. B gtan 2
Explanation: Let =F(x)
/
I= I;t 2 V1 —sin2xdx By second fundamental theorem of calculus, we obtain

2/3  dx 2
-F[Z|-F@©
:J.[;W‘J(Cosx—sinx)2 dx '[0 4 +9x* (3) ©
1 43 2] 1 _
+f://j\/(sinx—cosx)2 dx =gtan ! _Exg]—gtan 1(0)

n/4 /2

=[sinx + cosx]y’* +[—cosx —sinx];/; 1
:gtan’l(l)
1 1 1 1
-0-1+[-0-1+— [
RN ( 7 JE) = Lian|tan T
6 L 4
=22-2 -

221 "o



T
! 1
Q.8. _[ —Zsin(—) dx, where x = 0, is equal to
X x
2
(A) -2 (B) 0
O1 (D) m

[CBSE Foreign Set II, 2020]

Ans. Option (B) is correct.
Explanation: 0

[CBSE Marking Scheme 2020]

Very Short Answer Type
Questions (1 mark each)

2n
Q. 1. Evaluate J | sinx |dx .
0

[CBSE OD Set-I,ILIII 2020]

Vet
[CBSE Marking Scheme 2020]

b
Sol. I= 4j05sinxdx =4

Detailed Solution:

2n
Let I = J|sinx|dx
0
m 2n
= J|sinx|dx+ J|sinx|dx
0 n
m 2n
= Jsin xdx — J sin xdx
0 n
= [~cosx]] —[—cosx]i"
= [-cos w + cos 0] — [-cos 2r + cos m]

=[1+1]-[-1-1]=2+2=4

Commonly Made Error

i » Mostly students fail in correctly splitting the |
| modulus function involving trigonometric |
: functions. :

5@3 Answering Tip

» Practice problems in modulus functions and
trigonometric functions.

________________________________________________

OR

Topper Answer, 2020

fRere @G0 -0
i 8 an ©0d Gundion . A It Valwe & O |

________________________________________________

dx
1+ 442

Q.z.lfi
0

= g, then find the value of a.

[NCERT EXEMPLAR]
[CBSE OD Set-I, I 2020]

Q. 3.If [x] denotes the greatest integer function, then

3/2
find [ [¥*]dx. [CBSE OD Set-III 2020]

3/2 1 V2 3/2
Sol. Jidx = Jodv+[1de+ [2dx %
0 0 1 N
= 0+(x/§—1)+2(§—x/zj
2
= 2-2 Ve
[CBSE Marking Scheme 2020]
Detailed Solution:
3/2
J [x*]dx
0
For 0<x<1,0<x?<1, hence[+] =0

For 1<x< \/E,lsxz < 2,hence [¥*] =1

For ﬁ5x<%,25x2<z,hence[xz]=2
3/2 1 V2 3/2
[P = Jodx + [ 1dx + [ 2dx
0 0 1 V2

OfxJh +1[x? +2[x /2
0+ 2 -1+3-2V2
=2-\2

1
Q. 4. Find the value of I| x—5|dx.
1

[CBSE Delhi Set I, II, I11-2020]

4 4 15 o
Sol. I|x—5|dx :J(S—x)dxzz VatYa
1 1
[CBSE Marking Scheme, 2020]



Detailed Solution:

4 4
J|x—5|dx = f—(x—S)dx
1 1

1

= 5 lx=57]
T 1 15
Jlx=5]dx = ——[1-16] = >
2 2

1

T
Q. 5. Evaluate J. z x?sinx dx
2

[CBSE SQP 2020-21]

Sol. " f(x) is an odd function

/2
xXsinxdx =0 1
-/2
[CBSE Marking Scheme, 2020]
Detailed Answer :

K

2
J. xZsinxdx =0
T

2

f(x) = x*sinx
replace x by —x we get
fl=x) = (-x)* sin(-x)
f(=x) = —x? sinx this implies f(x) is an odd function
f f(x)dx =0, if f(x) is an odd function

ie., f(=x)=—f(x)

Commonly Made Error

»  Some students apply by parts and make it more
complicated.

5@3 Answering Tip

» Apply the properties to easily arrive at the
answer.

________________________________________________

Q. 6. Evaluate : fz(x3 +1)dx.  [RI[CBSE SQP-2020-21]

Sol.

[+ 1y [ eddx+ [C1de=1,+1, 1
0+[xF,

(As I is odd function)

=242
=4 1
[CBSE SQP Marking Scheme 2020]

3
Q. 7. Evaluate : Jsx dx. [Delhi 2017]
2
3
3) X
Sol. [3%dx = [13 ] _ 1
5 og3|,  log3

[CBSE Marking Scheme, 2017]

2n
Q. 8. Evaluate : j cos’x dx. [Foreign 2017]
0

Concept Applied

{ Given load function

3
Q. 9. Evaluate : Jl 2x—1|dx
1

[Board, 2020]

Sol.

3 3
L [2x—1|dx = J.l (2x —1)dx
3
1 2
= |—(2x-1) } =6
o]
[CBSE Marking Scheme, 2020]

OR

Topper Answer, 2020

Short Answer Type

O)

Questions-I (2 marks each)

11
Q. 1. Evaluate : J[; - ?} e dx

1

[CBSE Delhi Set-I, II, III 2020]

1
Q. 2. Find the value of Ix(l —x)'dx.
0

[CBSE Delhi Set-I, II, IIT 2020]
[CBSE SQP 2020-21]



1 1
Sol. [x(1-x)"dx= [(1-x)(1-1+x)"dx 14
0 0
1
— J(xn_xn+1)dx n
0
|:xn+1 xn+2:|l
n+l n+2 .
1 1
- — 1
n+l n+2 /2
_ )
or (n+1)(n+2) /2

[CBSE Marking Scheme 2020]

Detailed Solution:
Suppose

1

I= jo x(1-x)" dx

1
S jﬂ (1-x)[1-(1-x)]"dx

1
=I= JU (1—x)x"dx

n+l n+2
:>I=_[01(x”—x"”)dx = |:x ol ]
0

n+l n+2
11
=1 [n+1 n+2:| 0=01 = nm+2)

_1=2x )dx.

1
Q. 3. Find the value of J-tan‘l( 3
0 1+x—x

[CBSE Delhi Set- ITI 2020]

1
tan (1 — x)dx — Jtan_lx dx 1
0

1
as J.’can_1 xdx
0

1
Jtan‘l(l —x)dx 1
0

[CBSE Marking Scheme 2020]
Detailed Solution:

J.ltam’1 (71_2)( )d
0 1+x—x2 *

= J.ltan’1 d=x)-x dx
o 1+x(1-x)

= Jol[tan’l (1-x)—tan™! x}dx
= '[Ol’can’1 (1-(1-x))dx - J.: tan™" x dx
[Because f: f(x)dx = L)ﬂ f(a—x)dx ]

1 1
= J tan~! x dx—J tanlx dx =0
0 0

1 —
J tan~! [17%2}& =0
0 1+x—x

Commonly Made Error

» Some students directly apply the property
without simplifying the inverse function.

5@3 Answering Tip

» Simplify inverse trigonometric and logarithmic
functions before applying property.

________________________________________________

Q. 4. Evaluate In (1-x*)sinx.cos® x.dx
-

[RI [CBSE Delhi Set-I1I 2019]

Sol. Let f(x)=(1-x").sinxcos” x 1
as f(—x)=—f(x) = f is odd function. "
~1=0

[CBSE Marking Scheme 2019]
Detailed Solution :
Let
Then

f(x) = (1 - x?) sinx cos?x
flex) = [1 = (=x)*] sin (=x) [cos(-x)*
= (1 -x% (-sinx) cos*x
= —(1 - x?) sinx cos?x

= (%)

So, f(x) is an odd function,

TJE f(x)dx =0

= ]E (1 —xz) sinx cos®x dx = 0

-T

Q. 5. Evaluate f zlmdx. [RICBSE Delhi Set-III, 2019]
X

©) Short Answer Type
Questions-II (3 marks each)

1
Q. 1. Evaluate j\/3 —2x—x2dx
0 .
[CBSE OD Set 111-2020]



Q. 2. Prove that: J: f(x)dx = I: f(a—x)dx, hence

a xsinx
evaluate I ———dx.

01+ cos’x

al1] [Ul [CBSE Delhi Set-II, 2019]
OR

T xsinx
Evaluate: | ————dx.

01+ cos’x

[Delhi 2017][NCERT] [OD Comptt. 2017]
[CBSE OD Set 1-2020]

3
Q. 3. Evaluate : L | x* —2x |dx.
al1] [U] [CBSE SQP-2020-21]

3
Sol. ConsiderI = L | x? —2x | dx

where 1<x<2

2<x<3

2
|- 2x| = {_(’; ~2)
(x* —2x)

= J2|x2—2x| dx + '[3|x2—2x| dx
1 2

where

1

2 3
I= L —(x*-2x) dx + Jz (x* —2x) dx 1

3 2 3 3
SRR
3 1 3 5

1= —[§—4—1+1}+[9—9—§+4}
8 B B
= —Z+3—§ +4
3 3
= é =2 1
B

[CBSE SQP Marking Scheme 2020] (Modified)

Commonly Made Error

Most of the students carelessly neglect the |
modulus sign or are unable to change the |
modulus. |

-

5@3 Answering Tip

» Learn comprehensively all standard methods
of integrals, problems based on them, definite
integrals, their basic properties and the
problems based on them.

_______________________________________________

Q.4.Prove that : f: f(x)dx =J.: f(a—x)dx . and hence

evaluate sz _r dx

0 sinx+cosx
[CBSE OD Set-I, 2019]

Sol.
j).f(x)dx =—j.f(a—t)dx

Putx=a—t,dx=—dt
Upperlimit=t =a — x =a - a

Il
Q2 O

Lowerlimit=¢t =a —x=a - 0

jf(a t) dt—Jf a-x)

)

b
Let 1= )
sin x + cosx

n/2
I=I Ll dx

YT b1
sin| ——x |+cos[ ——x
2 2

0 COSX +SInx

(i) 1

Adding, (i) and (ii), we get
/2 1 /2 1

21 =—j
COSX+SlIlX

J_njzsec(x——de 1

T T T
2] =—=11 == ||+ ==
= 2\/5{ og sec(x 4) an(x 4)

T
=m{log(\/§ +1)-log(v2 - 1)} "

U _ _
== 7 {log(v/2 +1)—log(x/2 —1)}or
T o[ 241 .
w2 P\ Jz-1 /e

[CBSE Marking Scheme, 2019] (Modified)

1 x+|x|+1
. 5. Evaluate : _—
Q I—1x2+2|x|+l
[S.Q.P. 2018-19]
-1[ x+x|+1
Sol. e Ax7+2x|+1
j~ |x| +1

_lx2 +2|x|+1

1
_ d
- £x2+2|x|+1 T



=1, + L, (Say) (1)

3

2
. N Q. 6. Evaluate: | xsinmx|dx - [Delhi 2017]
= | 5————dx 0
Now, I ;[xz +2[x|+1
3
_ Sol. 1= [2lxsinmx|dx
Lt 0= T
3
= jlxsin Tx.dx —J.Ex sin tx dx 1
—x — 0 1
fien) = (—x) +22+1 T P2+l =—f() \
= |_ cosxm sinx | _| _xcosxm sinmx |2
~ f(x) is odd function. 1 T T |
Hence, L =0 (2 1
-1[ x| +1
Also, b= S +20x+1 = —+i2 1
T
|d+1 :
Let g0 = =T o [CBSE Marking Scheme, 2017]
1% +2[x|+1 (Modified)
3 |—x|+1 4
= g(—x)——(_x)2+2|_x|+l Q.7. [{lx—1]+|x-2|+|x—4|}dx
1
[f+1 0.D., 2017
§9= T ope W [ :
-+ ¢(x) is even function 1 Sol I = J:{|x—1|+|x—2|+|x—4|}dx
1 1 4 2 4 4
L= Xt =2 dx = | (x=Ddx—| (x—2)dx+| (x-2)dx—| (x—4)dx
; ‘([x2+2x+1 !m [Je-tax= [ (e -2)e+ [ (-2 )1
L 4 2 4 4
=2 loglx +1]], _ -] _@-2P], @22 (-4
=2[log2-1log 1] 2 | 2 | 2 )2
1
I, = 2log 2
: s o = 9+1+2+9 = 1110r§ 1
From (1), (2) and (3), we get PR ) 2 2
I =2log2 b3 [CBSE Marking Scheme, 2017] (Modified)
[CBSE Marking Scheme 2018] (Modified)
OR
Topper Answer, 2017

Jl= It [a=2) > 2],

1
il
!

- [_&%-.Q—.,cfeuw-b—_«)._;_!:s_'z._sa .

@)+ () -(r4) 5 28x <Y
= { =%y

1&% 4

= 5 -
%+ 1 s Emsd 4

|
1
|
]




________________________________________________________________________________________________

B-D+ (2-2)=(a4) S 2$% &Y

= 2= s — Y
S

= 6 =9
=

Q. 8. Evaluate : fﬂ

0 secx +tanx

[OD 2017] [NCERT]
[Delhi Set I, II, III Comptt. 2016]
[OD Comptt. 2017]

xtanx

Sol. Let, I= j T__Xant (i)
0 secx +tanx
or ©  (m—x)tan(m—x) %
0 sec(m — x)+ tan(rm — x)
J- (T —x)tanx tanx (i) ¥
0 secx+ tanx
Add eqn. (i) & (ii),
n  tanx
2] = RJ. —_—
0 secx +tanx
Multiply & divide by (sec x — tan x) on RHS, 72
or 2] = nj: tan x(secx — tan x)dx
= nj;(sec x-tanx —sec? x + 1)dx Ya
or 21 = [n(secx —tanx +x)]g
=m{(-1-0+n-1)} =n(n-2) Vs
2
=T ;Zn 1
[CBSE Marking Scheme 2017] (Modified)
2
Q. 9. Evaluate : Jll x*—x|dx. [NCERT]

[CBSE OD SET II 2020] [Delhi Set I, II, III 2016]
. j_1|x —x|dx = J_l(x3 —x)dx

—fol(x3 —x)dx + le(x3 —x)dx 1

0 1 2

X4 Xz X4 Xz x4 xz

T 2| a2 T 2 !
-1 0 1

' = [(«-,J - (x-2) —(xmy) S1§w &2

!_’_ [“’— ZJ.—LS-E':J -r-[-?'“:j —['J- +'J_J

+va =vae -ve

<

*ue AvVE —va

[CBSE Marking Scheme 2020] (Modified)

Long Answer Type
Questions-I (4 marks each)

O)

2
Q. 1. Evaluate : J._l| x® —3x% +2x|dx

[SQP 2021-2022]
Sol. The given definite integral

- [ -1 -2 lax

=f_01| X(x=1)(x=2)| dx+j01|x(x—1)(x—2) | dx
+j12|x(x—1)(x—2) ldx 1%

= —J_Ol(xg’ —3x” +2x)dx + jol (> —3x% + 2x)dx

2
—Jl (x® =3x% +2x)dx Y
4 L 4 -
—|:x——x3+x2} +lx——x3+x2]
¢ L L 0
2
4
—[x——x3+x2]
< 1

1 1
=+t —=— 2
4 4 4

[CBSE Marking Scheme 2022]




3
Q. 2. Evaluate : J02| xcosmx |dx

[O.D. Set I, II, III 2016]

3

Sol. Let = L)Elxcosnxhix
1
In0<x< E,xcosanO,
1 3
In 3 <x< > x cos mx <0,
3
I= JOZxcosnxdx—ffxcosnxdx
2
. , 1
_ [x(smnx)—J(l).(SIHRX)dx]Z 1
T 11: o
. ) 3
~ [x (sinx) _J(l).(smnx)dx]z
m T 1
2
1 3
[ ysinmr cosmy |2 | xsinmx  cosmx |2
I= 2 - T - 11',2 1
B !
(1 . =
B 551n5+c052_0 050
B T nz nz
3. 3n b4 . T
ESII‘IT C 7 ESIHE COSE
— + = 1
T 2 T T2
1 1 3 1
=== || 2 (1) +0-——0
{ [Zn nz] [Zn( ) 21 ]
[ 1 1 3 1 ]
— 7_7_'_7
2n w2 2n 2¢;
s :
nl2 ©

[CBSE Marking Scheme 2016] (Modified)
T ooy . [T
Q. 3. Evaluate : Jo e sm(Z + x]dx.

[Delhi Set I, 11, III 2016]
J'nezx sin(E 4 x)dx
0 4
I= Jezx.sin(g+x)dx
4

Integrating by parts, without limits

. (T e T e
[= sin| —+x ——J.COS +x | —dx
4 4 2

Let

= sin| =+x |.— ——e“*cos| =+ x
4 2 4 4
—ljezx.sin(£+x)dx
4 4
or I(1+i) =iezx{ZSin(g+x)—cos(g+x)}
2sin(£+x)—cos(£+x) Y
4 4
Now, J.nezx.sin(5+x)dx
0 4
1 T T "
= | Zsin(—+x)—cos(—+x)
5 4 4 o
1 - . ( TC) ( TC)
= —|e 2sin| T+ — |—cos| T+ —
5 4 4

b1 b4
_2 1 — L - 1,
sm4 cos4] 5
=1 ez’t(—ZsinE+cosE)—l+L
5 4 4 2 2
1 eZTI: 1
~ 5 V2 2

27t+1] 1

orl :1€2x

[CBSE Marking Scheme 2016] (Modified)

2

i 1
AI] Q. 4. Show that: 2 S ¥ =——log(~/2 +1).
-Q a IO sinx + cosx \/E g( )
[O.D. Set I, 11, I1I 2016]
[NCERT Exemplar]
Sol I Jn/z sin” x dx @)
ol. = — (1
0 sinx+cosx

By applying property [ f(x)= [ f(a-x)
0 0

sinz(ﬁ—x)
_ J-TE/Z 2 dx
0 . (T T
sin| ——x |[+cos| ——x
(2 ) (2 )

f cos®x

P————dx
0 cosx +sinx ...(ii)



Adding eqgn. (i) & (ii
g ean. () & (i) ! = Lioghd )
ol = /2 1 d V2
Iy e [CBSE Marking Scheme 2016] (Modified)
1 ¢m/2 1 T R
= ﬁjo — dx 1 Q. 5. Evaluate : J.04 log[1+ tan x]dx. [NCERT]
cos(x - 7) [O.D. Set I, II, III Comptt. 2015]
1 n 2 1 Q.6.Find: [——=tL _dx.  [CBSE Forcign Set 1]
= — _ _ . 0. 'Ind : Orelgn e
= b |:log sec(x 1 )+ tan (x 1 ]]0 1 N ]
1 2x+1
= ﬁ[log|x/§+1|—log|\/§—l|] J Bt 12
2-2x
1. |V2+1 = - dx+3
= 5los 5 v; Jx/3+2x—x2 szz—(

o il x—-1
2 —2V3+2x—x% + 3sin (—)+c
[ = ——logl2+1 2
22 g2 +1]

[CBSE Marking Scheme 2022]

OR
ﬂ Topper Answer, 2020

NOw oxtt= A(a-a2)+B
ardle 2(~8R)t BAOA

| ReA 88 B i
i Tz 4{ 9-92 d2+ 8 e cermer b e s :
i _)\]’5#91 > Natax-o* - i
! Now ler 340 r-ote 22 and SR :
i N _Ca__?r"’:???ifda%&.’@éi'_.'._.____.___ _%_'*_9:&*1 o |
| — g
| S __f- -C’L‘ qml-l—.) - !
| I T = AL (P |
| T J 23 de +3J dx o i
: . 2 @O ~ . . i
i = =32+3 [%\n ( 4)] id . ) o :
: L NP4 s :
i = -2\ 3482 + 3 gin* h-q Y ?M{_camﬁon ) |
i =) i
Long Answer Type 4 X+
(@) Queg,tions_“ yp(s — Q. 2. Evaluate the following : J;iz co:Zx dx
4
Q. 1. Evaluate : dex [SQP 2017-18]

o 16+9sin2x
[CBSE OD-18]



Sol. The given definite integral
j o
—Cos 2x 4
Z

_ X _ _
fo = 2—c052x'f(_x) 2-cos2x f&)

X

—a
Il
=)
[uy

Hence, fis odd. Therefore, [ — =
2 —cos2x

(A

1
8x) = 7 —cos2x’ 8(=x)

= g(x).

- 2 —cos2x

Hence, g is even. Thus

— a3

Z
2— cost -([2 cost

NI

Hence, I =

O — |3
—_
ISH
Il
S
O |3
—
ISH
=

w4
27 2—cos2x

n L2
4 2 4
sec™ x T sec” x
| de = T g
0 0
1

3l = g\/g[tan_lx/gt]é
0(%) P

T n \/5752
- g\/g[ﬂ T !

[CBSE Marking Scheme 2017-18] (Modified)

of

{®); Case based MCQs

Attempt any four sub-parts from each question. Each
sub-part carries 1 mark.

I. Read the below case and answer the questions that
follow:

kg .
Q. 3. Evaluate the following : Ig% dx
sin” x + cos® x

[S.Q.P. 2016-17]

5 xsinxcosx

0 sin* x +cos* x

T . (T T
n (E — x)sm(E - x)cos(E - x)
= 02 dx,
sin* (E - x) + cos? (E - x)
2 2

Sol. = dx

(5]
oy cosxsinx
JZ g x 1
COS X +sin” x
T .
n (E) cosxsinx
2= [2324——dx Y

0 cos™* x+sin” x

T 0 T .
w)| ¢~ cosxsinx S cosxsinx
= (7) I4 : — dx+L% : ——dx
2)170 cos® x +sin”* x 4 o  x+sin”x
_ (E) J‘4tanxsec x 7r2cosec xcotxdx 1
2)]70 1+tanx T cottx+1

T 1 1 0 1
=2l=|— dx — d
(2)['(01”2 114 p? p]

substituting tan®x = ¢, 2 tan x sec’xdx = dt

cot’x = p, —2 cot x cosec? xdx = dp 1
T -1 1 T -1 1
or 2] = (Z)[tan t]o+(2)[tan p]O
8
2
or =% A
16

[CBSE Marking Scheme 2016] (Modified)

Odd function Even function

A 4 A

fl=x) = - f(x) 8(=x)

= g(x)

A 4 A 4

jfa f(x)dx=0

)dx=#0

[" gydx=2 ['g(x




II. Read the below case and answer the questions that

1
Q.1. J. ¥Pdx = follow:
R Today in class Mr. Sharma explained a particular
(A) 0 (B) 1 form of integration, which help the students to get
© ,_1 . (D) 2 the answer of the given integral in that particular
Ans. Option (A) Is correct. form. He said identify the particular form and
Explanation:
1 apply the formula.
J x¥dx =0, since x” is an odd function. i )
o JeTfe+ fede = e feodx+ [ f(x)dx
n — +
Q.2. J.xcosxdx: - . . e'fix) +c
et 0.1. J-e (sinx +cosx)dx =
(A)1 (B) 0 (A) e*cosx + ¢ (B) efsinx + ¢
T C) e +c (D) € (—cosx + sinx) +c
O -1 (D) 2 Ans. Option (B) is correct.

Ans. Option (B) is correct. Explanation:

Explanation: Iex(sinx +cosx)dx =e‘sinx + ¢
. SH1 X+ COSX

) ) ) )y flo
J xcosxdx = (, since x cos x is an odd function.

-n Q.2. Jex(x_l)dx =

n/2 x2 X
Q.3. J sin®xdx= . (A) e + ¢ (B) —e
-n/2
X _ X
(A) 1 (B) 0 © S+ (D) —5+c
(©) -1 (D) & x x
Ans. Option (B) is correct. Ans. Option (B) is correct.
Explanation: Explanation:
n/2 x—-1 1 1 X
_[ sin®xdx =0, since sin®x is an odd function. Iex( 5 )dx = fex - - — |dx = i+c
-n/2 x \.& ?_C,,_; X
fx) - f()
Y
Q.4. stinxdx: - - Q.3. Je"(x+1)dx =
" (A) xe* + ¢ (B) ¢ +¢
A)n B) 0
) (B) . ©) e*+c (D) None of these
(©) 2n D) P Ans. Option (A) is correct.
Ans. Option (C) is correct. Explanation:
Explanation: jex( x+ 1)dy =xe"+¢
Since, x sin x is an even function T f& - f
n n Q.4. Ie’((tanx +sec?x)dx =
Ixsinxdx = Zstinxdx 0
- 0 (A) 0 (B) 1
= 2[—x cosx + J‘(l X cosxdx)J: (€) -1 (D) —"
o Ans. Option (A) is correct.
= 2[-xcosx +sinx] Explanation:
= 2[(m+0)-(0 T
[(z+0)-(0+0)] J.e*(tanx+sec2 x)dx = [ex tanxT =0
= 21 0 0
Q.5 jn tan x sec® xdx = xe*
Al Q.5. I Sdx = .
(A) 1 (B) -1 (L+)
© 0 (D) 2 o
Ans. Option (C) is correct. (A) xe* +c (B) e +c
Explanation: (x+1)
n c xe* N D * c
J. tanxsec® xdx =0, Since it is an odd function (© PR (D) x+1

-n Ans. Option (D) is correct.



II1.

0.1

Ans.

Ans.

Explanation:

-1 a1 1
Ie { (x+1) }dx B Ie [x+1 (x+1)2]dx
ex
= +c
x+1

Read the following text and answer the following
questions on the basis of the same:

Reena and Sapna practice the problems based on
integrals. They will try to evaluate the integrals

%dx = log|f(x)| + c.

Reena first explains the steps to solve this type of
integrals.

based upon J

fG)
f()
Step 2: Put f(x) = t and replace f'(x)dx by dt to obtain

I= j%dt

Step 1: Obtain the integral, letitbe I = 'f

Step 3: Evaluate integral obtained in step II to
obtain I = log|t| + ¢
Step 4: Replace t by f(x) step Il to get I = log |f(x)| + ¢

Evaluate: J 22x7+5 dx

x“+5x-7
(A) log|(x* + 5x-7)| + ¢
(B) log|(2x + 5)| +¢
(C) log|(2x + 5)(x* + 5x=7)| + C
D)o

Option (A) is correct.
Explanation: Let I= J.22367+5dx
X" +5x-7
let X +5x-7=t
= d(x* + 5x = 7) = dt
= 2x + 5 =dt
dt
I=|— =log|t| +¢
[7 =togltl
=log|(x*+5x-7)| + ¢
ex _p X
. Evaluate: _[ dx
e +e™”

(A) logle* + ™| +¢
(C) logle™*—¢"| +¢

(B) logle*—¢™| +¢
(D) log|e*| + ¢

Option (A) is correct.
ef—e™
Explanation: Let I= 'f ———dx
e +e
let c+er=t
= de* + e =dt
= (eF—edx =dt

dt
I= J.T =log|t| + ¢

=log|(e" +¢M)| +¢

Q.3.

Ans.

Ans.

Ans.

. Evaluate: J.zexi

| ——————d
Evaluate: J- (3 +logx) X
(A) log 3 (B) log|(3 + logx)| + ¢
(C) log|x| +¢ (D) log|(x+3)| +¢
Option (B) is correct.
Explanation: Let I= f¥dx

P ) x(3+1logx)
let 3+logx=t
= d(3 + logx) = dt
= 1dx =dt
X

dt
I= IT =log|t| + ¢

=log| (3 + logx)| + ¢
2x
dx
e -2

(A) log|(ezx—2)| +c (B) log|e2x| +c

(©) %log |(e* -2)|+c (D) log2
Option (C) is correct.

2x
Explanation: Let 1= J.Zexizdx
o2 _

Now, let 2=t

= d(e®) = dt

= 2¢*dx = dt

= Hdx = dt

= I=1 £:110g|t|+c
29t 2
1 2x

= —log(e”™ -2)+c
2
. Evaluate: I dx
1+e™
(A)e*+c¢ (B) ! +c
1+e ™"

(C) log|1+¢™| +¢
Option (D) is correct.

(D) log|1+¢*| +¢

Explanation: Let I= 'f ! dx

1+e™

X

or I= I ¢ dx

e +1

(on dividing Nr and Dr by ¢7)

let e+1=t
= e + 1) = dt
= e'dx = dt

dt
I= JT = log|t| +¢

=log|l+e€'| +¢



Case based Subjective
Questions (2 mark each)

I. Read the following text and answer the following
questions on the basis of the same:

Let’s say that we want to evaluate [[P(x)/Q(x)] dx,
where P(x)/Q(x) is a proper rational fraction. In such
cases, it is possible to write the integrand as a sum of
simpler rational functions by using partial fraction
decomposition. Post this, integration can be carried
out easily. The following image indicates some
simple partial fractions which can be associated
with various rational functions:

S. Form of the rational Form of the partial
No. function fraction
N A R A, B
: (x—a)(x-D) x—a x-b
px+q A B
2 2 + 2
C| (x-a) x—a (x-a)
px* g+ A + B " c
3 | —a)x=b)x—0) x-a x-b x-c
. px*+qx+r A, B C
© | (x—a)’(x-b) x-a (x-a)* x-=b
px*+gx+r A + Bx+C
> (x—a)(x® +bx+c) x-a x*+bxtc
where, x2 +bx +c cannot be factorised further

In the above table, A, B and C are real numbers to be
determined suitably.

Q. 1. Evaluate: Jdi
(x+1)(x+2)
Sol. We write,
1 A B .
= + ..(1)
(x+I)(x+2) x+1 x+2

where, real number A and B are to be determined
suitably. This gives

1
Solutions for Practice Questions (Topic-1) -

Very Short Answer Type Questions
2. Put Vx =t
= 2log(1+x)+C Yot s

[CBSE Marking Scheme 2020]

Detailed Solution:

e
i dx
i e = T raem™

1=A(x+2)+B(x+1)

Equating the coefficients of x and the constant term,
we get

A+B =0
and 2A+B =1
Solving these equations, we get A = 1and B = -1.
Thus, the integrand is given by

1 _ 1, A
(x+D)(x+2) x+1 x+2 1
Therefore,

Joms =51
(x+1)(x+2) x+1 Yx+2
=log|x+1|-log|x+2|+C

x+1
=1 +C
8 +2 1
Q. 2. Evaluate: J 1 dx
¥ -9
Sol. Let 1 = A + B
(x+3)(x-3) (x+3) (x-3)

1= A(x-3)+B(x+3)

Equating the coefficients of x and constant term, we
obtain

A+B =0
-3A+3B =1

On solving, we obtain
A= 1 andB = 1
6 6

1 I S
(x+3)(x—-3)  6(x+3) 6(x-3)

J 1 =J( 1, 1 de
(x? -9) 6(x+3) 6(x—3)

= —%log‘x+ 3| +%log‘x -3

+C

(x=3)

6 8(x+3)

Let, 1+\/; =t :
0+%dx =dt E

%dx = 2dt

= zj%dt

=2logt+C i

=2log (1 + \/;)+C



Commonly Made Error = log|secx|-log|sinx|+C
v
[CBSE Marking Scheme 2017]

Commonly Made Error

» Mostly students find a difficulty in finding
the correct substitution.

. » TFew candidates attempt it by integration by |
; parts and make the steps complicated they

{@3 Answering Tip

i' » Practice more problems based on substitution. i

_______________________________________________

in2 x — cos> sinx cosx
9. Ism X — COoS xdt _ J( _ )dx 1

- cosr  sinx » This needs to be sufficiently practiced
sinx cosx

by students. Also, make students revise
trigonometric and algebraic laws as well as

= '[tan xdx —I cot xdx o
basic integrals.

Detailed Solution :

1

Y /xih“u —cos™ Jo )
B i b i Sl T0 L _

SiMeeosx

|
lf. -af o5 —sindx dne

E j Asimeeose -
i'lii{- 1) [ eagax dn R
H 4in Lz '

rf f—l} /:o}-‘l’!‘ J"x..
wd

_;:I,.":__L'za:)_f%.ﬁ_fﬂl_’t ?}ZH:_L#( [ [eotxdx = 1og Byt Jsin ':LT

3x 3x-1+1 1 1 1
. dx = |——— = 1+ d = —+cC = +c
1 J‘3x—1 * I 3x -1 dx j( 3x—1) * y 1-tanx 1
)
1 i g
-yt g log|3x—1|+ C v [CBSE SQP Marking Scheme 2020-21]
[CBSE Marking Scheme 2017] 9. I= J'sin'1 (2x).1dx

1 1
3. ] = |————dx = x.sin(2x)+ =
‘[ cos® x(1— tan x)* (22) 4 J

_8x e

V1-4x>

dy L =x.sin’l(2x)+1\/1—4x2 +c

_ J' -1 dy _ —J ,zd 2 1
A [CBSE Marking Scheme, 2019]

Put, l-tanx = y
So that, —sec®x dx

Short A T ti I = x.sin'l(Zx)—J—zx dx 1
ort Answer Type Questions- N i



Topper Answer, 2017

lr-Ta_ sl ax
¥ 1z @

',l'= [s‘r:? ig_,}(;) - ig 22D Ax | TNTE 241100 h:a_'gm‘%
Li—upr

= asin'2x) 1 21 ax

2] oy
1= gein(an) +1 [ (-8x) &

2oy + L Xy where T ={-8x da

4 wm 4 ARy
Now  Xo= [
l Je - -—%x&r.-ff\‘l-
:Ht- (", _ sl
I o -—-'z,h-uch, _ o
X = o (20) + ¢ (2 [Tmu) ¥

_ = 1

_— ler t-4x*=t

_[ \/(sinz x +cos? x) —2sinxcosx dx

_[ \ /(sin x— cosx)2 dx

I (sinx —cosx) dx

» Mostly students have problems in integrating
inverse trigonometric functions.

Commonly Made Error

Jsinx dx— _[ cosx dx

= —cosx —sinx + ¢
i » To integrate inverse trigonometric functions, i = — (cosx + sinx) + ¢

. . t
! apply by parts taking the second function as I** !
1 1

Function. 16. Putsinx =t or cos x dx = dt

t
= sin™! (—) +C1
2 J8

Integral reduces to _[
14. Let [=,/1- sin2xdx

= J.(sin X —cos x)dx 1 — gin! [sinx] +C1
T T 22
EDGIN 2 EOD & T IEN S [Z E) [CBSE Marking Scheme 2017]
— oS X—sinx + c 1 Short Answer Type Questions-II
[CBSE Marking Scheme, 2019] 3. . J. 3x+5 _ J 2x +3
Detailed Solution : x*+3x— 18 X% +3x - 18

1
Let] = JVl—Siﬂzx dx,g<x<g +ij2+3x—18dx



3 2x+3 1 1
== dx+— dx
ZJ.xZ+3x—18 2'.-( 3]2 (9)2 1
x+o| - =
2 2
:Elog|xz+3x—18|+i10gx_3 +C  1+1
2 18 xX+6

[CBSE Marking Scheme, 2019]

10. Let

1= [———d
e ®™
x A Bx+C

)

@ADE-1)  (x-1) £+1
x =A@+ 1)+ (x-1)Bx + C) %

or

o odx P
2. [—— =Z
0 (2x)°+1 8
1 -1 T
—[tan"(2x)] = = !
= 2[ (2x)]o 5 iz
= a = % )
[CBSE Marking Scheme 2020]
2n
8. J COS5 xdx = ZJ.TCCOSS x dx 1/2
0 0
2n
and Zjoncossx dx =0or Io cos’xdx = i

[CBSE Marking Scheme, 2017]

Short Answer Type Questions-I

Put2x = t,
dx = 1dt Y
2
2
I = J.|:l— 12:|€2xd
iLx  2x
4
1 1],
4 2
1, et e L
=] = —_— +l
T
[CBSE Marking Scheme 2020]
2|x| 0 2
5. I=|—dx=|-1dx+ |1dx 1
!
=-1+2=1 1

[CBSE Marking Scheme 2019]

or x=(A+B)x2+(C—B)x+(A—C)

or A+B=0,C-B=1andA-C=0

or A=1,B=—landC= %)
2 2

1 1

2 2
(x—1)derI TR

= N

M=

= %log |x—1| —ilog(x2 +1)+%talr1’l x+C 1

[CBSE Marking Scheme 2017] (Modified)

1
Let I= j—dx
_1x
| | —,x<0
Since, Po=0x
x E,x>0
x
B {—1,x<0
B 1, x>0
I = T(—l)dx+j(1)dx

-1 0

[x]% +[x]3

=-[0-1] +2-0)
=-1+2
=1

Short Answer Type Questions-I1l
1 1

1. = -[\13—2x—x2dx = J.,l4—(x+1)2dx 1
0 0

Putx+1=t=dx=dt. whenx=0,t=0

and whenx=1,t=2 b2

2

i = _[\/4—t2dt
1
t 4 AT

= |=V4-t* +=sin!| = Y
2 2 2)

= [(O+Zsin_11)—[£+Zsin_llj] 1

2 2

2 3

3.2

[CBSE Marking Scheme 2020] (Modified)



1
[V3-20—x%dx = [y=("+2x-3)dx
0
1
= [N+ 2x+1-4)dx
0
1
= JN@? - (x+1)dx
0
let x+1=t
dx = dt
when x=0,t=1
x=1,t=2

= j,/(zf—tzdt
[using _["“ —x2dx = f\/u —-X +Ezsm (;J]
(2) i
o =]

{2\/—+25m f} [ J4-1+2sin™ 2}

V3 n
= n_i_i
2 3
_2n 3
32
_ 4m—-33
6
2. LetI:_[f(a—x)dx
0
Puta—x=t=—-dx =dt Y2
0 a a
I=—[ f(t)dt = [ f(t)dt =[ f(x)dx %
a 0 0
II part.
,[ xsmx
X
1+cos’x
:I:J-(n—x)-imx
v 1+cos”x
ol _[ n-sinx 1
1+ cos®x

Putcosx=t=>—smxdx=dt

Long Answer Type Questions-I

4
5. 1= J()Zlog[1+tanx]dx (i)

Long Answer Type Questions-I|

i dt b ¢ odt
S>l=——|—F%== xI 5

2 1+t 2 o1+t
_ -1151_7t2 1
—n[tan JU—Z

[CBSE Marking Scheme, 2019] (Modified)

Apply the property J.f(x) = ff(‘l -X)

u 1-tanx
= I04log|:l+ 1+tanx]dx
n
T
il = JOZ[logZ—log(1+tanx)]dx (i) 1

Adding eqn. (i) and (ii), we get

i
or 2] = f04 log 2dx = glogz

b1
or [ =—log2. 1
3 g

[CBSE Marking Scheme 2015] (Modified)

1. Put sinx—cosx =t, 1
(cos x + sin x) dx = dt.
1-sin2x = ?

when x =0,

boo»
t=0

and x:E
4

I= Jn/4sinx+cosx -
0 16 +9sin2x

0 1
116 +9(1-t%)

= Io;zdt 1

125-9¢

0

— [ = i10g5+3t 1%
30 ©|5-3t|], |
1 1 :
30[ ong :
1 i

11
_ Lot e ligs2 1
0 By %1508

[CBSE Marking Scheme 2018] (Modified)



@ REFLECTION

o Integration is mainly used to find the areas of the o Integrals are used to calculate the trajectory (path)
two dimensional region and computing volumes of and the velocity of a satellite at the time of placing it

¢ Finding aintegral of a function w.r.t. x means finding
the area to the X-axis from the curve.

1
1
1
:
1
three dimensional objects. in orbit. i
1
1
1
1
1
1



